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ABSTRACT
Computational Quantum Study of Intermediates Formed During the Partial
Oxidation of Melatonin
by
Oladun Solomon Oladiran
Melatonin is a neurohormone produced by the pineal gland in the brain. It functions as an
antioxidant to scavenge free radicals. Free radicals are reactive species; they often oxidize the
cells leading to oxidative stress which may lead to severe health complications. Reaction of
melatonin with free radicals is known to be stepwise, as such the stability of the intermediates
can be examined. Thus, the possibility of using melatonin as an in vivo spin trap can be
determined. Spin traps allow characterization of unstable radical species using electron spin
resonance spectroscopy. In this research, ab initio quantum chemistry techniques were used to
calculate the energies of selected intermediates formed during the partial oxidation of melatonin
by hydroxyl radical. Specifically, optimized geometries for melatonin, and selected intermediates
with ·OH were obtained at the DFT/B3LYP/cc-pVXZ and HF/cc-pVXZ (X = D, T, Q) levels of
theory. Extrapolations to the complete basis set limit were also performed.
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CHAPTER 1. INTRODUCTION

Free Radicals
Free radicals are atoms, molecules, or ions that have one or more unpaired electrons. This
unpaired electron makes them very reactive towards non-radical reactive species such that they
can either donate or accept electrons from other molecules.1,2 These characteristics make them
behave as oxidants as well as reductants, respectively.3
Free radicals are generated via two mechanisms: homolytic cleavage and electron
transfer. However, the latter is the only mechanism available for the formation of free radicals in
biological cells. Free radicals are categorized into reactive oxygen species (ROS) such as
superoxide anion (O2.-), hydroxyl radicals (.OH), peroxyl radicals (ROO.), hydrogen peroxide
H2O2, peroxynitrite ONOO-, and alkoxy radical RO. and reactive nitrogen species (RNS) radical
such as nitric oxide radical (NO.).
The existence of radical species in biological systems, especially at high concentration is
known to be detrimental to the biological system because they attack the DNA, lipids, proteins,
nucleic acid, etc. These attacks usually lead to oxidative stress which is a major contributor to
several health problems including cancer,4 neurodegenerative diseases5 such as Alzheimer’s,6-7
and Parkinson’s,7 cardiovascular diseases,8 aging,9 and chronic obstructive pulmonary diseases.10
However, in moderate concentrations, free radicals can be useful for processes such as cellular
signaling systems, maturation of cellular structures and mitogenic responses, and in the apoptosis
of defective cells.11-12
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The small sizes of these radicals make them particularly harmful to biological systems
since they can penetrate cell membranes easily and cause damage to the cells. Free radicals are
mostly generated internally, due to metabolic processes in the human body such as those from
the mitochondria13, xanthine oxidase14 and in the endoplasmic recticulum.15 However, some
external factors such as air pollutants, exposure to industrial chemicals, exposure to X-rays and
ozone can contribute to the generation of free radicals in the body.16
This process occurs as a result of the enzymatic reduction of the oxygen thereby
generating a reactive radical species.17 An example of such, is the enzyme NAD(P)H oxidases.18
A non-enzymatic compound such as the semi-ubiquinone compound can also aid the production
of free radicals. Reactive nitrogen species can also exist but mostly in the higher organism and
produced by the oxidation of one of the terminal guanidino nitrogen atoms of L-arginine.19

Figure 1. Pathways of reactive oxygen species (ROS) production and clearance. GSH,

glutathione; GSSG, glutathione disulfide.
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Reactive Oxygen Species
Reactive oxygen species (ROS) are a group of short-lived free radicals which are derived
from oxygen. They are highly reactive molecules because of the presence of unpaired electrons
in their valence shell. The reactive oxygen species are by far the most abundant and harmful free
radicals. This is because they are obtained from the normal metabolism that occurs in the body as
a result of oxygen-induced oxidization, generating free radicals. Examples of such radicals
include superoxide anion, O2.-, and hydroxyl radical, .OH. Hydrogen peroxide, H2O2 is also
regarded to be a ROS, even though it does not have unpaired electrons, because it has the
potential to generate hydroxyl radicals. To minimize the effect of the oxidants, the body exhibits
defense mechanisms such as the production of antioxidants which can remove/scavenge the
reactive oxygen species from the intracellular environment.20
However, when the defense mechanisms are insufficient for the number of oxidants
available in the body, the result is oxidative stress. Oxidative stress is thought to lead to various
undesired processes in the body and thus result in various complications such as aging, chronic
renal failure, etc. In the study of radicals, superoxide anion (O2.-) and hydroxyl radical (.OH)
have received more attention owing to several controversies on the origin of the radicals. O2.- is
thought to be the initial stage in the production of the ROS and ultimately the generation of the
highly reactive and short lived free radical: the hydroxyl radial, .OH. It was proposed that the
superoxide anion interacted with peroxide to generate hydroxyl radical, which is a very strong
oxidizer.20
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The Haber-Weiss reaction also describes the formation of hydroxyl radicals.21 This
reaction proceeds in the presence of Fe2+ salts and was first proposed by Henty J. Fenton in 1894
when he observed the oxidation of tartaric acid by H2O2 in the presence of iron (II) salts.22
An elaborated version of the Haber-Weiss reaction which includes the Fenton reaction
was later proposed by Barb et al.23 The mechanism of the Fenton reaction is given below.

(1.1)
(1.2)
(1.3)
(1.4)
(1.5)
(1.6)
(1.7)
Scientists have proposed a new mechanism (old Fenton reaction revisited)24 which is a
general description of the Fenton reaction because the same mechanism was observed for most
transition metals such as manganese, copper, and cobalt. The use of iron was because of its
presence in all biological media25. In the mechanism below, M represents transition metals.

(1.8)

Hydroxyl Radical Reactions
Hydroxyl free radicals are short-lived, both in biological systems (half-life of about 10-9
s), and in the atmosphere (half-life range of about 0.01-1 s).26 This is because they are the most
reactive chemical intermediates known, as hydroxyl radical oxidizes many organic molecules
17

and as such it finds several applications in chemistry and biology, organic synthesis,
photocatalysis, wastewater treatment, and many other chemical processes.27-28 Like many
radicals, its reaction with molecules is usually by addition reactions with the unsaturated
substrate, however abstraction of hydrogen is also favorable.29
The reactions are particularly of interest in biological systems since the hydroxyl radical
can attack DNA by addition to pyrimidine nucleobases causing extensive damage to the
DNA/RNA.30 Sesil et al.31studied the reaction of hydroxyl radical with diclofenac (DCF).

Figure 2. Addition reaction of hydroxyl radicals with DCF to generate radical intermediate
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Figure 3. Hydrogen- abstraction by hydroxyl radical to generate radical intermediate.

Hydroxyl radical also undergoes electron transfer reactions with aromatic compounds in aqueous
solution

Figure 4. Electron transfer reaction by hydroxyl radical to generate reactive intermediate
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Spin Traps
Spin traps react with transient free radicals to obtain a more stable radical adduct. Since
most radical are short-lived, spin trapping the radical allows easy characterization of by indirect
method such as using Electron paramagnetic spectroscopy.31-32 In biological systems, there are
radical scavengers or antioxidants. These include superoxide dismutase (SOD), catalase (CAT),
gluthathione reductase (GR) etc. and they are useful for the removal of excess free radical from
the living cells thereby ensuring good and healthy cells.34 These regular antioxidants can be used
as spin traps, however, not all radical scavengers can be used as spin traps and some have been
found to react insdiscriminately with both oxygen and ROS producing excess water and
subsequently leading to hypoxia (lack of oxygen) in deep tissue.35
Spin traps, on the other hand, selectively scavenge only free radicals such that the radical
spin adduct can be analyzed. Since radicals such as the hydroxyl radical have a short lifetime,
using a spin trap molecule stabilizes and lengthens the radical lifetime so that the resulting
radical intermediate can be detected by Electron Paramagnetic Resonance (EPR) spectroscopy.36
The stable radical formed cannot take part in further oxidative processes and as such, they are
useful as preservatives in food, cosmetics, pharmaceutical, and other industries. Generally, the
reaction can be written in its simplest form to produce a radical spin adduct

(1.9)

The use of spin traps for in vitro ‘trapping’ of free radicals being has been documented37
and several spin trapping agents have been identified, these include nitrones e.g. hydroquinone,38
edaravone,39 phenyl tert-butylnitrone (PBN)40, 5,5-dimethyl-1-pyrroline N-oxide (DMPO), and
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many nitroso compounds such as 2,3,5,6-tetramethyl nitrobenzene (nitrosodurene, ND), 2,3,6-tritert-butyl nitrosobenzene (BNB), and sodium 3,5-dibromo-4-nitrosobenzene sulphonate
(SBNS).41 However, the most common spin traps are PBN and DMPO, because they are
thermally and photochemically stable and very soluble in polar and non-polar solvents. 42-44
Besides, the in vitro applicability of these spin traps, their use in in vivo conditions has also been
verified.45-46

A. PBN derivatives

B. DMPO derivatives

Figure 5. Structures of the two most common spin traps families, A. N-tert-butyl-αphenylnitrone (PBN), B. 5,5-dimethyl-1-pyrroline N-oxide (DMPO)
Melatonin
Melatonin (N-acetyl-5-methoxytryptamine), a derivative of the amino acid tryptophan,47
is a hormone which is produced in the brain by the pineal gland,48 especially during dark times.49
It was first isolated in 1958 by Lerner et al.50 from the bovine pineal glands and the structure was
determined in 1959.51-52
The production of melatonin in mammals involves the catalytic hydroxylation of the
amino acid tryptophan by the enzyme trytophan hydroxylase to yield 5-hydroxytrptophan. This
initial product can be further decarboxylated to form serotin by aromatic L-amino-acid
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decarboxylase.53 Arylalkylamine N-acetyltransferase and hydroxyindole-O-methylfransferase
catalysed the acetylation and ethylation of serotin to produce melatonin.54-55
The production of melatonin is not, however, limited to the pineal gland; some tissues,
cells and body fluids contain exceptionally high levels of melatonin. Examples include the
retina52 as well as skin,56 platelets,57 lympocytes,58 gastrointestinal tract,59 and bone marrow.60-61
In fact, some of these have melatonin concentrations multiple times more than is found in the
blood, for example, bile62 and cerebrospinal fluid.63
Due to the multiple sites of formation, melatonin receptors are in diverse locations
leading to extensive control of several physiological process.64-65 including sleep and the
circadian rhythm,66 -67 reproduction,68 and immune system responsiveness.69 Other than the
presence of melatonin in humans, it is also known to exist in some lower organisms such as
fungi,70 algae,71 protista72 as well as some in cells of plants and other mammals.

Figure 6: Structure of melatonin
Melatonin is also known to be an antioxidant/free radical scavenger in addition to its
numerous functions stated earlier.
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The role of melatoninn as an antioxidant was first proposed in 1991 by Ianas et al.73 and was
later confirmed as a direct radical scavenger in 1993 by Hardeland et al.74
The efficiency of melatonin as an antioxidant is obvoius for many reasons; it has very
low to no toxicity in the body or in its long-term administration.75 Also, due to its high solubility
in lipids and partial solubility in water, melatonin can pass through many physiologic barriers.7677

Its antioxidant ability does not decrease after its oxidation since its metabolites also exhibit

antioxidant capacity.78 In vivo antioxidant ability of melatonin can occur directly by scavenging
radicals and/or inhibiting their formation or indirectly by upregulating endogenous antioxidant
defenses.79 Evidence of in vitro antioxidant ability of melatonin through a Fenton-like reaction in
the presence Cu(II)/H2O2 was reported by Kladna et al.80 The main oxidation product N1-acetylN 2-formyl-5-methoxykynurenine (AFMK), N1-acetyl-5-methoxykynurenine (AMK), and
hydroxyl melatonin (HO-MLT)81
a

b

c

Figure 7: Structures of melatonin’s oxidation products; a: N1-acetyl-N 2-formyl-5
methoxykynurenine (AFMK), b: N1-acetyl-5-methoxykynurenine (AMK)
c: Hydroxymelatonin
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Mechanism of Reaction Between Melatonin and Free Radicals
There is limited information documented for mechanisms describing the antioxidant
activity of melatonin. However, based on information from other antioxidants, a plethora of
possibilities have been proposed: radical adduct formation (RAF), hydrogen atom transfer
(HAT), single electron transfer (SET), proton coupled electron transfer (PCET), and sequential
electron proton transfer (SEPT).82
Radical adduct formation (RAF):
(1.10)
Hydrogen atom transfer (HAT):
(1.11)
Single electron transfer (SET):
(1.12)
Proton coupled electron transfer (PCET):
(1.13)
Sequential electron proton transfer (SEPT):
(1.14)
(1.15)
Oxidation of Melatonin
Melatonin reactivity towards free radicals leads to oxidation products, some of which are
equally or even more effective as radical scavengers than the parent melatonin.83 As stated
earlier, the main oxidation products of MLT are AFMK and AMK. The reaction path is known to
occur via the conversion of serotonin by N-acetyl transferase (NAT) to N-acetyl serotonin. The
N-acetyl serotonin formed is further converted to melatonin by hydroxyindole O-methyl
transferase (HIOMT) and subsequently AFMK, AMK, 3-OH-MLT(cyclic), and 6-OH-MLT.84
24

The reverse reaction is also possible making NAT a metabolite of melatonin possessing
antioxidative capability independent of that from melatonin.85-86 According to computational
studies by Zavodnik et al.87 using AMI and RHF methods, AFMK is the most stable oxidation
product. The oxidation of melatonin for the production AFMK was studied by Reiter et al.88 He
proposed two pathways; first through the direct addition of 1O2 to form dioxetane intermediates
and the other by via diol and epoxide intermediates. 6-OH-MLT- a metabolite of oxidation of
melatonin is known for its high radical scavenging compared to melatonin.88-89 In fact, it is
reported to scavenge both singlet oxygen and superoxide anion which are particularly resistant to
melatonin, thereby reducing the quinolic-acid induced oxidative neurotoxicity.90

Figure 8: Proposed mechanism for MLT via an intermediate that decomposes to yield AFMK

25

The mechanism of its reaction with free radicals has been found to proceed via the HAT
mechanism. The physico-chemical study of 6-OHMLT as protection against oxidative stress by
Àlvarez-Diduk et al.84 showed that the HAT path is the most thermodynamically stable since
reaction involving phenolic OH are predicted to be exergonic

Figure 9: Oxidation of melatonin to AFMK via the epoxide and diol intermediate
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Figure 10: HAT mechanism pathway of the reaction of 6-OH melatonin with a free radical
Partial Oxidation of Melatonin by Hydroxyl Radical
Hydroxyl radical is known to as one of the most reactive species in the biological system
and capable of oxidizing the cells. However, melatonin has been identified to successfully
scavenge this reactive species. The antioxidant ability against hydroxyl radicals is well
documented in many researches such as the work of Hardeland et al.73, Turjanski et al.79, Allegra
et al.91 and many others. Galano et al.92 identified cyclic 3-OH MLT as the major product of the
oxidation of melatonin by hydroxyl radical. However, other products have also been identified.
During the oxidation of melatonin by hydroxyl radical, several paths have been proposed and
may result in different oxidation products. In many cases, the hydroxyl radical may attack
positions C2, C4, C6 or C7. Hardeland et al.73 proposed an indolyl cation radical pathway but
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the computational study by Turganski et al.79 found the path to be thermodynamically
unfavorable.
They however, proposed a radical addition pathway in which neutral indolyl radical is
formed and found this path to be thermodynamically feasible. Due to radical stabilization,93
positions C2, C4, and C6 could be favored. The proposed mechanism for the radical addition
path is indicated in Figures 11,12 and 13. While our mechanism involves a radical addition, the
use of hydroxyl radical for hydrogen abstraction to produce water is a “stand in” for any possible
abstraction routes.

Figure 11: Proposed reaction path to the production 2-OH melatonin
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Figure 12: Proposed reaction path to the production of 4-OH melatonin

Figure 13: Proposed reaction path to the production of 6-OH melatonin
29

Review of Computational Studies of Melatonin Oxidation
A computational study conducted by Miglivacca et al.94 supported the antioxidant
efficacy of melatonin as revealed by semi-empirical and ab initio quantum-mechanical
calculations. In the work, the electron transfer capabilities and stability of the radical formed by
hydrogen abstraction were determined by calculating the relative ionization potential and relative
O-H bond dissociation enthalpy, respectively. Conformers were identified by a quenched MD
exploration and further optimized to the semi-empirical level using Hartree-Fock approximation
in restricted and unrestricted modes. The results presented from the calculations showed that
other than electrostatic interactions, hyperconjugation also accounts for the stabilization of the
radical cation of some of the conformers of melatonin and in turn improves antioxidant efficacy.
Galano investigated the electron donor ability of synthetic MLT derivatives compared to
parent MLT. 95 Density Functional Theory (DFT) was used in the calculation to test for 37 MLT
derivatives. Fourteen DFT approximations were made to determine the best approximation
method. The LC-ωPBE functional was found to be the most appropriate, and 6-311+G(d) was
also used in conjunction with it. The electron donor ability of the compounds was quantified
using an equivalent of the ionization energy in aqueous medium. The calculated ionization
energies in aqueous solution showed very high ionization energy for MLT derivatives compared
to the parent MLT. This can be related to an electron donating effect made effective by donating
groups attached to the benzene ring. Particularly, it was found that OH groups and halogens
attached to the benzene ring provide better electronic effect and hence better antioxidant activity.

30

Research Aim
Reaction of melatonin with hydroxyl radical is very important in biological systems.
Melatonin can scavenger the hydroxyl radical, thus prevent further oxidation of the cells.
However, the reaction mechanism is still not clear and several routes to oxidation of melatonin
have been proposed. Studies have shown that there may be three oxidation products during the
partial oxidation of melatonin: 2-OH-MLT, 4-OH-MLT and 6-OH-MLT.
The aim of the research is examining the intermediate formed during the partial oxidation
of melatonin, this will consequently give insight to how melatonin could possibly be used as spin
traps. To do this, computational methods, which are relatively inexpensive as compared to
experimental methods, will be used to examine reactivity at the molecular level.
The work focuses specifically on the comparison of the energy of intermediates in gas
phase produced during the partial oxidation of melatonin with hydroxyl radical at C2, C4, and
C6 positions. Geometry optimizations were performed at the DFT/B3LYP/6-31G,
DFT/B3LYP/6-31G(d), HF/cc-pVDZ, HF/cc-pVTZ, and single point molecular energy
calculations was performed at the DFT/B3LYP/cc-pVQZ and HF/cc-VQZ levels of theory. The
optimized geometry calculations were extrapolated to the complete basis set at the HF/cc-VXZ=
(X=D, T, Q) and DFT/B3LYP/cc-pVXZ (X=D, T, Q).

Figure 14: Structure of melatonin showing possible reaction sites with hydroxyl radical
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CHAPTER 2. QUANTUM MECHANICS
Schrödinger Equation
Early scientists such as Isaac Newton and James Maxwell described the behavior of
particles at the macroscopic level. This classical view of particles allows us to predict accurately
the future state of the particles from a simple experiment. For example, Newtonian mechanics
predicts the momentum of a particle given the mass of the particle. In fact, Newton’s second law,
states that the future state and future motions of a system at any time can be precisely
determined. This idea makes classical mechanics deterministic in nature. The question is how we
can explain the behavior of a wave or particles that behave in a wavelike manner especially
particles at the microscopic level. In fact, classical mechanics failed to explain blackbody
radiation and the photoelectric effect.
The emergence of quantum mechanics provides a better explanation of phenomena that
could not be explained by classical mechanics. Quantum mechanics uses the idea of probability
to explain the behavior of microscopic particles. In 1927, Werner Heisenberg further elucidated
the behavior of particles at this level when he proposed the Heisenberg uncertainty principle.
For, example, we cannot simultaneously measure with certainty, the position and the
velocity/momentum of microscopic particles. Hence quantum mechanics, as opposed to classical
mechanics, is not deterministic but probabilistic.
In Schrödinger’s formulation of quantum mechanics, a wave function is used to describe
the state of the system.96 The wave of the system is described by the wave function (𝛹).
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The time-dependent Schrödinger equation established the evolution with time of the wave
function.97-98
−ℏ2 𝜕 2 𝛹(𝑥, 𝑡)
ℏ 𝜕𝛹(𝑥, 𝑡)
+
𝑉(𝑥,
𝑡)𝛹(𝑥,
𝑡)
=
−
2𝑚
𝜕𝑥 2
𝑖
𝜕𝑡

(2-1)

ℎ

where ħ is the reduced Plank’s constant equal to 2𝜋 , 𝑖 is the imaginary operator (𝑖 = √−1), 𝑚 is
the mass of the particle, 𝛻 2 is the second order differential operator also known as the Laplacian
operator and is given as:
∂2
∂2
∂2
∇ = 2+ 2+ 2
∂x
∂y
∂z
2

(2-2)

As indicated earlier, the precise future state of a particle cannot be determined given the
wavefunction. However, the probability density, |𝛹|2 , of the particle can be determined. This
explains the non-deterministic property of the particle and thus gives the probability of finding a
particle in a region. The absolute square of the quantity is the product of the quantity itself and
its complex conjugate.
|𝛹|2 = 𝛹 ∗ 𝛹

(2-3)

𝛹 ∗ is the complex conjugate formed by replacing 𝑖 with −𝑖. In-fact, Max Born proposed the
probability of finding a particle at a given time within a region 𝑥 and 𝑥 + 𝑑𝑥 in one dimension is
given as:99
𝛹 ∗ (𝑥, 𝑡 )𝛹(𝑥, 𝑡)𝑑𝑥 = |𝛹(𝑥, 𝑡)|2 𝑑𝑥

(2-4)

Assuming the particle is in some finite region, the sum of probabilities of finding the particles
must be equal to 1, since the particle must be present somewhere in the in the region.
∞

∫ |𝛹|2 𝑑𝑥 = 1
−∞
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(2-5)

A normalization of the wave function 𝛹 = 𝑁𝜙 can be achieved by multiplication by the
normalization constant 𝑁
∞

∫ |𝜙|2 𝑑𝑥 = |𝑁|−2
−∞

(2-6)

In quantum mechanics, the time-independent Schrödinger equation has proven to be more
useful than the formidable time-dependent Schrödinger equation. This is especially true when the
system does not experience time dependent external forces but rather when the potential energy
function is a function of position 𝑉(𝑥) only. Hence the wave function can be separated into
time, 𝑓(𝑡), and spatial, 𝜓(𝑥), functions.
𝛹(𝑥, 𝑡) = 𝜓(𝑥)𝑓(𝑡)

(2-7)

Substituting Equation 2-7 into 2-1 and differentiating with respect to time, yields
−ħ 1 𝑑𝑓(𝑡)
ћ2
𝑑 2 𝜓(𝑥, 𝑡)
𝜓(𝑥) =
𝑓(𝑡)
+ 𝑉(𝑥)𝜓(𝑥)𝑓(𝑡)
𝑖 𝑓(𝑡) 𝑑𝑡
2𝑚
𝑑𝑥 2

(2-8)

Dividing both sides by 𝛹(𝑥, 𝑡) = 𝜓(𝑥)𝑓(𝑡) gives
−ħ 1 𝑑𝑓(𝑡)
1 𝑑 2 𝜓(𝑥, 𝑡)
=
+ 𝑉(𝑥)
𝑖 𝑓(𝑡) 𝑑𝑡
𝜓(𝑥) 𝑑𝑥 2

(2-9)

In Equation 2-9, the left side is independent of 𝑥 , therefore this function must also be
independent of 𝑥 . Also, the right side of the equation does not depend on t, therefore this function
must also be independent of 𝑡. This must be a constant since the function is independent of both
variables x and 𝑡. This constant can be called E. Multiplying both sides by ψ(x) gives the timeindependent Schrödinger equation for a particle of mass 𝑚.
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−ħ2 𝑑2 𝜓(𝑥)
+ 𝑉(𝑥)𝜓(𝑥) = 𝐸𝜓(𝑥)
2𝑚 𝑑𝑥 2

(2-10)

A classical-mechanical Hamiltonian can be defined for a particle of mass m moving in one
dimension. This Hamiltonian, H, is equal of the total energy of the system’s kinetic energy and
potential energy and must be expressed as function of coordinates (x, y, z)and conjugate
momenta, (px , py , pz ) not velocities.
𝑝2 𝑥
𝐻=
+ 𝑉(𝑥)
2𝑚

(2-11)

In quantum mechanics, every physical property has a corresponding quantum mechanical
operator. The quantum mechanical operator for the Hamiltonian function is given as

̂ = 𝑇̂ + 𝑉̂ =
𝐻

−ħ2 𝑑 2
+ 𝑉(𝑥)
2𝑚 𝑑𝑥 2

(2-12)

𝑇̂ 𝑎𝑛𝑑 ̂𝑉 are the kinetic and potential energy quantum mechanical operators respectively.
Quantum mechanics postulates that the measurement of a certain property be an eigenvalue of
the operator corresponding to the operator of the physical property. For example:
̂ 𝜓𝑖 = 𝐸𝑖 𝜓𝑖
𝐻

(2-13)

The wave function 𝜓𝑖 is the eigenfunction and 𝐸𝑖 is the eigenvalue of the Hamiltonian operator.
In quantum mechanics, the only “allowed” energy values must be the eigenvalues of the
Hamiltonian operator.100
The Schrödinger equation can be extended to a three-dimensional, multiple particle
system. In this case, the kinetic energy will be the total of the individual kinetic energies of the
individual particles.
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𝑛

𝑇̂ = − ∑
𝑖=1

ћ2 𝜕 2
𝜕2
𝜕2
( 2 + 2 + 2)
2𝑚𝑖 𝜕𝑥𝑖 𝜕𝑦𝑖 𝜕𝑧𝑖

(2-14)

The potential energy is the sum of the electrostatic interaction among the particles.

𝑉=

1
𝑞𝑎 𝑞𝑏
∑∑
4𝜋𝜀0
𝑟𝑎𝑏

(2-15)

𝑙 𝑏<𝑎

𝜀0 is the permittivity of free space, 𝑞𝑎 𝑎𝑛𝑑 𝑞𝑏 are the charges on the 𝑎𝑡ℎ and 𝑏 𝑡ℎ particles
separated by distance 𝑟𝑎𝑏 .
Electron Spin and Antisymmetric Properties
In addition to the orbital angular momentum, the electron also possesses a spin angular
momentum or simply spin. This new property is a relativistic phenomenon and the lack of
classical effect made it impossible to use macroscopic models to describe spin. The idea of
nonrelativistic quantum mechanics treats spin as an additional hypothesis. In this case, the wave
function also depends on the spin of the electron in addition to the cartesian coordinate.
𝛹(𝑥, 𝑦, 𝑧, 𝑚𝑠 ) = 𝜓(𝑥, 𝑦, 𝑧)𝒈(𝑚𝑠 )

(2-16)

where 𝒈(𝑚𝑠 ) can either be of the spin eigenfunctions or a linear combination of the spin
eigenfunctions with the eigenvalues of + 1⁄2 or − 1⁄2. Taking spin-orbit coupling into account
not only changes the values of the energies that are obtained, but also the number of possible
energy states is doubled. This can be as expressed as written below.
̂ [𝜓(𝑥, 𝑦, 𝑧)𝑔(𝑚𝑠 )] = 𝑔(𝑚𝑠 )𝐻
̂ 𝜓(𝑥, 𝑦, 𝑧) = 𝐸[𝜓(𝑥, 𝑦, 𝑧)𝑔(𝑚𝑠 )]
𝐻
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(2-17)

The spin creates a degeneracy as experienced in the hydrogen atom energy levels which
is 2𝑛2 rather than 𝑛2 . The uncertainty principle101 prevents us from determining the exact paths
taken by microscopic particles, resulting in indistinguishability of identical particles.
The indistinguishability of the electrons imposes a restriction to the wave function, such that the
wave function must be antisymmetric with respect to the interchange of any two electrons.101
𝜓(𝑞1 , 𝑞2 , 𝑞3, 𝑞4 … … . . , 𝑞𝑛 ) = − 𝜓(𝑞2 , 𝑞1 , 𝑞4, 𝑞3, … … . . , 𝑞𝑛 )

(2-18)

The Schrödinger equation cannot be separated for a system of interacting particles such as an
atom or molecule. Hence the need for approximation methods to solve this deficiency.
Approximation methods include: The Born-Oppenheimer approximation, Variational Method,
Perturbation Theory, Density Functional Theory (DFT) and Hartree-Fock Self Consistent Field
Theory (HF-SCF).
Approximation Methods
Born-Oppenheimer Approximation
The Born-Oppenheimer approximation was proposed by Max Born and his graduate
student J. Robert Oppenheimer in 1927102 and assumes that the nuclear and electronic motions
are separable. Thus, the solution to the nuclear Schrödinger equation is therefore given as:
̂𝑁 𝜓𝑁 = 𝑈𝜓𝑁
𝐻

(2-19)

The Born-Oppenheimer approximation considers the nuclei and the electrons as point masses103
and disregarding relativistic interactions, the molecular Hamiltonian can be defined as:
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̂=−
𝐻

ћ2
1
∑ 𝛻𝑖 2
2
𝑚𝑖
𝑖

(2-20)
−

𝑍𝑖 𝑍𝑗 𝑒 2
ћ2
𝑍1 𝑒 2
𝑒2
∑ 𝛻𝛼 2 + ∑ ∑
−∑∑
+∑∑
2𝑚𝑒
𝑟𝑖𝑗
𝑟𝛼𝑖
4𝜋𝜀0 𝑟𝛼𝛽
𝛼

𝑖

𝑗>𝑖

𝑖

𝛼

𝛽 𝛼>𝛽

where 𝛼 and 𝛽 refer to electrons 𝑖 and 𝑗 refer to nuclei. 𝑒 is the charge on the proton and 𝑟 is
the distance between two particles. The first term is the kinetic energy of the nuclei, and the
second term is the kinetic energy of the electrons. The third term is the electrostatic energy of
repulsion of nuclei 𝑖 and 𝑗, separated by a distance 𝑟𝑖𝑗 . The fourth term is the electrostatic energy
between the electron 𝛼 and nucleus 𝑖 . The fifth term is the potential energy of the repulsions
between electrons 𝛼 and 𝛽. The molecular Hamiltonian operator for H2 molecule is thus given as

̂=−
𝐻

ћ2 2
ћ2 2
ћ2
𝛻𝑖 −
𝛻𝑗 −
𝛻1 2
2𝑚𝑝
2𝑚𝑝
2𝑚𝑒

ћ2
𝑒2
1
1
1
1
1
1
−
𝛻2 2 +
( −
−
−
−
+ )
2𝑚𝑒
4𝜋𝜀0 𝑟𝑖𝑗 𝑟1𝑖 𝑟1𝑗 𝑟2𝑖 𝑟2𝑗 𝑟12

(2-21)

The Schrödinger equation can then be written as
̂ 𝜓(𝑞𝛼, 𝑞𝑖 ) = 𝐸𝜓(𝑞𝛼, 𝑞𝑖 )
𝐻

(2-22)

The approximation assumes that electrons move faster than nuclei with the same kinetic energy
due to lighter mass. Therefore, the nuclei can be considered stationary with respect to the motion
of the electrons. By parametrization of the nuclear positions, the kinetic energy term vanishes,
and the Schrödinger equation for electronic motion is:
̂𝑒𝑙 + 𝑉𝑁𝑁 )𝜓𝑒𝑙 = 𝑈𝜓𝑒𝑙
(𝐻
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(2-23)

̂𝑒𝑙 is given as
The electronic Hamiltonian 𝐻
̂𝑒𝑙 =
𝐻

ћ2
𝑍𝑖 𝑒 2
𝑒2
2
∑ 𝛻𝑖 − ∑ ∑
+∑∑
2𝑚𝑒
𝑟𝛼𝑖
4𝜋𝜀0 𝑟𝛼𝛽
𝑖

The nuclear repulsion term

𝑖

𝛼

𝛽 𝛼>𝛽

(2-24)

is given as
𝑉𝑁𝑁

𝑍𝑖 𝑍𝑗 𝑒 2
= ∑∑
𝑟𝑖𝑗
𝑖

𝑗>𝑖

(2-26)
(2-25)

𝑈 is the electronic energy and also includes internuclear repulsion, 𝑉𝑁𝑁 is constant for a
particular nuclear configuration and it is independent of electronic motion. The internuclear
distance 𝑟𝑖𝑗 is fixed at a constant value, therefore the parameters of the electronic wave functions
and energies depend on the nuclear coordinates.
𝜓𝑒𝑙 = 𝜓𝑒𝑙,𝑛 (𝑞𝛼, 𝑞𝑖 )
𝑈 = 𝑈𝑛 (𝑞𝑛 )

(2-27)
(2-26)
(2-27)

since VNN is independent of electronic motion. Then, it can be removed from the Schrödinger
equation to give:
̂𝑒𝑙 𝜓 = 𝐸𝑒𝑙 𝜓𝑒𝑙
𝐻

(2-28)

The total energy is the sum of both Eel and VNN
𝑈 = 𝑉𝑁𝑁 + 𝐸𝑒𝑙

(2-29)

The value of 𝑈 can be obtained using Equation 2-28 but 𝑉𝑁𝑁 can be calculated from Equation 225.
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Hartree-Fock Self-Consistence Field Theory
The exact wavefunction for the hydrogen atom is known. However, for multi-electron systems,
such as helium and lithium, the Hartree-Fock procedure is used to calculate the wave functions.
This wave function may be calculated accurately by incorporating the interelectronic distance as a
variable in the variational.
The Hamiltonian for an 𝑛-electron system is given as
2

2

𝑒
̂ = − ћ ∑𝑛𝑖=1 𝛻𝑖 2 − ∑𝑛𝑖=1 𝑍𝑒 + ∑𝑛−1
∑𝑛𝑗=𝑖+1
𝐻
𝑖=1
2𝑚
𝑟
𝑟
𝑒

𝑖

2

(2-30)

𝑖𝑗

This ensures nucleus the is fixed at the coordinate origin. Therefore, only electronic motions
contribute to the internal motion. The first summation includes the kinetic energy terms for n
electrons. The second sum is the potential energy for attraction between the electrons and the
nucleus of charge 𝑍𝑒 . The last summation is the interelectronic repulsion term, and the
restriction 𝑗 = 𝑖 + 1 avoids double counting of the same repulsions and excludes non- existent
terms consisting of electron repulsion of itself. Ignoring the interelectronic repulsion, the
Schrödinger equation can be separated into 𝑛 one-electron equations like the solvable hydrogen
atom equation. The zeroth order wave functions can be written as a product of one-electron
spatial wave functions, 𝑓𝑖 , called orbitals.
𝜓 (0) = 𝑓1 (𝑟1, 𝜃1, 𝜙1 )𝑓2 (𝑟2, 𝜃2, 𝜙2 )𝑓3 (𝑟3, 𝜃3, 𝜙3 ) … 𝑓𝑛 (𝑟𝑛, 𝜃𝑛, 𝜙𝑛 )

(2-31)

𝑓 = 𝑅𝑛𝑙 (𝑟)𝑌𝑙𝑚 (𝜃, 𝜙)

(2-32)

𝑅𝑛𝑙 (𝑟) is known as the radial wave function and it is given by:
(𝑛 − 𝑙 − 1)!
𝑅𝑛𝑙 (𝑟) = {
}
2𝑛[𝑛 + 1)!]

1⁄2

2 𝑙+3⁄2 𝑙 −𝑟⁄𝑛𝑎 2𝑙+1 2𝑟
0𝐿
(
)
)
𝑟𝑒
𝑛+1 (
𝑛𝑎0
𝑛𝑎0
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(2-33)

where 𝑛 is the principal quantum number and 𝑙 is the angular momentum quantum number. 𝑎0 is
𝑚
the Bohr radius, and the 𝐿2𝑙+1
𝑛+1 are the associated Laguerre polynomials. The 𝑌𝑙 (𝜃, 𝜙) are the

spherical harmonics.
𝑌𝑙𝑚 (𝜃, 𝜙)

(2𝑙 + 1) (𝑙 − |𝑚|)!
=|
|
4𝜋
𝑙 + |𝑚|)!
|𝑚|

𝑚 is the magnetic quantum number, with |𝑚| ≤ 𝑙. 𝑃𝑙

1⁄2
|𝑚|

𝑃𝑙

(𝑐𝑜𝑠𝜃)𝑒 𝑖𝑚𝜙

(2-36)
(2-34)

(𝑐𝑜𝑠𝜃) are the associated Legendre

polynomials.
|𝑚|

𝑃𝑙

(𝑐𝑜𝑠𝜃) =

1
𝑑 𝑙+|𝑚|
2 |𝑚|⁄2
(1
−
𝑐𝑜𝑠
𝜃)
(𝑐𝑜𝑠 2 𝜃 − 1)𝑙
2𝑙 𝑙!
𝑑(𝑐𝑜𝑠𝜃)𝑙+|𝑚|

(2-35)

Equation 2-31 has a fundamental error, such that all orbitals use the same nuclear charge and
does not account for shielding effects due to inner electrons. The approximations can be made
more accurate by using different effective nuclear charges for different orbitals thus the shielding
effect is considered. This is achieved using variational functions that are not restricted to any
particular orbital.
𝜙 = 𝑔1 (𝑟1, 𝜃1, 𝜙1 )𝑔2 (𝑟2, 𝜃2, 𝜙2 )𝑔3 (𝑟3, 𝜃3, 𝜙3 ) … 𝑔𝑛 (𝑟𝑛, 𝜃𝑛, 𝜙𝑛 )

(2-36)

The functions 𝑔1, 𝑔2, 𝑔3.., 𝑔𝑛, are varied to minimize the variational integral given as:

𝐸1 ≤

̂ 𝑑𝜏
∫ ∅∗ 𝐻∅
∫ ∅∗ ∅𝑑𝜏

(2-37)

𝐸1 is the ground state energy of the system. The Hartree-Fock Self Consistent Field method is
used to calculate the 𝑔𝑖 ′ 𝑠. The first step in the Hartree-Fock procedure is to guess the product of
the wave function100
𝜙 = 𝑠1 (𝑟1, 𝜃1, 𝜙1 )𝑠2 (𝑟2, 𝜃2, 𝜙2 )𝑠3 (𝑟3, 𝜃3, 𝜙3 ) … 𝑠𝑛 (𝑟𝑛, 𝜃𝑛, 𝜙𝑛 )
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(2-38)

where the 𝑠𝑖 ′s are the products of the normalized wave function and the spherical harmonics. In
this approximation, the electrostatic electron-electron repulsion term is averaged, meaning that
the first electron experiences a field created by averaging out the other electrons. Coulombs law
defined the potential energies that exist between charges 𝑞1 and 𝑞2 (in atomic units).
𝑉12 =

𝑞1 𝑞2
𝑟12

(2-39)

If Electron 2 is averaged out as a continuous charge distribution of 𝜌𝑣 , and considering the
infinitesimal charge 𝜌2 𝑑𝑣2 in an infinitesimal volume 𝑑𝑣2 . The average interaction between
𝑞1 and the infinitesimal elements of charge 𝑞2 is given as
𝑉12 =

𝑞1
𝜌2
∫
𝑑𝑣
4𝜋𝜀0 𝑟12 2

(2-40)

where 𝑟12 is the distance between the first electron with charge 𝑞1 and the charge distribution
density 𝜌2 . If the probability density of Electron 2 is|𝑠2 |2 then 𝜌2 = −𝑒|𝑠2 |2.

𝑉12 =

|𝑠2 |2
𝑒2
∫
𝑑𝑣2
4𝜋𝜀0
𝑟12

(2-41)

The summation of the interactions with the other electrons is
𝑛

𝑉12 + 𝑉13 + 𝑉14 + ⋯ 𝑉1𝑛

2

|𝑠𝑗 |
𝑒2
=∑
∫
𝑑𝑣𝑗
4𝜋𝜀0
𝑟1𝑗

(2-42)

𝑗=2

The potential energy between Electron 1 and the nucleus and the other electrons is given as
𝑛

2

|𝑠𝑗 |
𝑒2
𝑍𝑒 2
𝑉(𝑟1, 𝜃1, ∅1 ) = ∑
∫
𝑑𝑣𝑗 −
4𝜋𝜀0
𝑟1𝑗
4𝜋𝜀0 𝑟1
𝑗=2
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(2-43)

Averaging 𝑉(𝑟1, 𝜃1, ∅1 ) over the angles 𝜃 and ∅ is necessary because the approximation uses the
result that the effective potential acting on an electron is a function of 𝑟 only.
2𝜋

𝑉1 (𝑟1 ) =

2𝜋

∫0 ∫0 𝑉1 (𝑟1 , 𝜃1 , 𝜙1 )𝑠𝑖𝑛𝜃𝑑𝜃1 𝑑𝜙1

(2-44)

2𝜋 𝜋
∫0 ∫0 𝑠𝑖𝑛𝜃𝑑𝜃𝑑𝜙

Inputting 𝑉1 (𝑟1 ) into the one-electron Schrödinger equation as the potential energy term, we
have:
[

ћ2
𝛻 2 + 𝑉1 (𝑟1 )] 𝑡1 (1) = 𝜀1 𝑡1 (1)
2𝑚𝑒 1

(2-45)

We have successfully obtained an improved Schrödinger equation with wave functions 𝑡1 and
orbital energy 𝜀1 . To ensure that input and output wave functions match, the procedure is
repeated iteratively until they are self-consistent. The orbitals obtained from this procedure are
known as the Hartree-Fock orbitals. The approximation to the exact wave functions should
consider the Pauli’s exclusion principle and must be antisymmetric with respect to the
interchange of electrons. Therefore, we can include anti-symmetrical spin-orbitals to the
properties of the electrons. The differential equation for the Hartree-Fock calculation showing
the effective Hamiltonian operator also known as the Fock operator, is given below.
𝐹̂ 𝑢𝑖 = ℇ𝑖 𝑢𝑖 ,

(2-46)

𝑖 = 1,2 … 𝑛
where 𝐹̂ is the Fock operator, 𝑢𝑖 is the spin orbital corresponding to the orbital energy ℇ𝑖 . The
antisymmetric wave function is satisfied by the Slater determinant.104 The elements in the
column involve the same spin orbital while the elements in the same row involve the same
electron. The ground state wave function for helium can be written as a linear combination to
give the antisymmetric wave function.
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1𝑠(1)1𝑠(2)

1
√2

[𝛼(1)𝛽(2) − 𝛽(1)𝛼(2)] =

1 1𝑠(1)𝛼(1)
|
√2 1𝑠(2)𝛼(2)

1𝑠(1)𝛽(1)
|
1𝑠(2)𝛽(2)

(2-47)

The wavefunction of a Slater determinant is known as a determinantal wave function. The
determinantal wave function for N-electron is given below

𝛹=(

𝑎1 (1)
⋮
𝑎1 (𝑁)

⋯ 𝑎𝑁 (1)
⋱
⋮ )
⋯ 𝑎𝑁 (𝑁)

(2-48)

where 𝑎𝑛 is orthonormal to spin orbitals. The development of Hartree-Fock SCF has provided
solutions to closed-shell and open shell systems. A restricted or unrestricted method can be used
in both open shell and closed shell systems.105 In a closed-shell system, the restricted HartreeFock (RHF) places paired electrons that are opposite in spin in a spatial orbital function. Like
RHF, the restricted open shell also places paired electrons that are opposite to the same spatial
orbital. The unrestricted Hartree-Fock (UHF) method allows paired electrons to occupy different
spatial orbitals.
1⁄2

𝑛⁄2 𝑛⁄2

̂𝑒𝑙 |𝑆〉 = 2 ∑〈𝜙1 (1)|𝑓𝑖 |𝜙1 (1)〉 + ∑ ∑(2𝐽𝑖𝑗 − 𝐾𝑖𝑗 )
𝐸 = 〈𝑆|𝐻
𝑖=1

(2-49)

𝑗=1 𝑖=1

where the 𝜙𝑖 are the 𝑛⁄2 spatial orbitals for 𝑛 electron and space is the Slater determinant
Hartree-Fock wave functions. The molecular electronic Hamiltonian is
𝑛

𝑛−1

̂𝑒𝑙 = ∑ 𝑓𝑖 + ∑ ∑ 𝑔̂𝑖𝑗
𝐻
𝑖=1

𝑖=1 𝑗>𝑖
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(2-50)

𝑔̂𝑖𝑗 and 𝑓𝑖 are the two-electron operators and one-electron operators, respectively, which is
defined as
𝑔̂𝑖𝑗= 1

(2-51)

1
𝑍𝑎
𝑓̂𝑖 = − 𝛻𝑖 2 − ∑
2
𝑟𝑖𝑎

(2-52)

𝑟𝑖𝑗

𝛼

The Hartree-Fock molecular energy of a closed shell diatomic or polyatomic molecule
𝐸𝐻 = 〈𝑆|𝐻𝑒𝑙 + 𝑉𝑁𝑁 |𝑆〉
𝑛⁄2

𝐸𝐻𝐹 =

(2-53)

𝑛⁄2 𝑛⁄2

2 ∑ 𝐻𝑖𝑖𝑐𝑜𝑟𝑒
𝑖=1

+ ∑ ∑(2𝐽𝑖𝑗 − 𝐾𝑖𝑗 ) + 𝑉𝑁𝑁

(2-54)

𝑗=1 𝑖=1

𝐻𝑖𝑖𝑐𝑜𝑟𝑒 is a known one-electron core hamiltonian
1
𝑍
̂ 𝑐𝑜𝑟𝑒 (1)|𝜙𝑖 (1)〉 = 〈𝜙𝑖 (1) |− 𝛻𝑖2 − ∑ 𝛼 | 𝜙𝑖 (1)〉
𝐻𝑖𝑖𝑐𝑜𝑟𝑒 = 〈𝜙𝑖 (1)|𝐻
2
𝑟𝑖𝛼

(2-55)

𝛼

where
𝐽𝑖𝑗 = 〈𝜙𝑖 (1)𝜙𝑗 (2)|1⁄𝑟12 |𝜙𝑖 (1)𝜙𝑗 (2)〉
𝐾𝑖𝑗 = 〈𝜙𝑖 (1)𝜙𝑗 (2)|1⁄𝑟12 |𝜙𝑖 (1)𝜙𝑗 (2)〉

(2-56)

(2-57)

̂ 𝑐𝑜𝑟𝑒 (1) is the kinetic energy operator for electron 1. The coulomb and exchange integrals are
𝐻
represented by 𝐽𝑖𝑗 and 𝐾𝑖𝑗 respectively and are integrated over spatial coordinates for electrons 1
and 2. One important characteristic of the Hartree-Fock method is that it helps to find molecular
orbitals that minimize the variation integral 𝐸𝐻𝐹 .105 The orbitals are assumed to be normalized
and orthogonal. Equation 2-58 satisfies these conditions:
𝐹̂ (1)𝜙𝑖 (1) = ℇ𝑖 𝜙𝑖 (1)

45

(2-58)
(2-58)

where ℇ𝑖 is the orbital energy and the Hartree-Fock operator is given as:
𝑛⁄2

̂ 𝑐𝑜𝑟𝑒 (1) + ∑[2𝑗𝑗 (1) − 𝐾𝑗 (1)]
𝐹̂ (1) = 𝐻

(2-59)

𝑗=1

The coulomb operator and exchange operator that include an arbitrary function f are given
below:
2
𝐽̂𝑗 (1)𝑓(1) = 𝑓(1) ∫|𝜙𝑗 (2)|

̂𝑗 (1)𝑓(1) = 𝜙𝑗 (1) ∫
𝐾

1
𝑑
𝑟12

𝜙𝑗∗ (2)𝑓(2)
𝑑𝑣2
𝑟12

(2-60)

(2-61)

By multiplying the Equation 2-58 by 𝜙𝑖∗ and integrating over all space we can calculate the
orbital energy.
̂ 𝑐𝑜𝑟𝑒 |𝜙𝑖 (1)〉 +
ℇ𝑖 = 〈𝜙𝑖 (1)|𝐻

(2-62)

̂𝑗 (1)|𝜙𝑖 (1)〉]
∑[2〈𝜙𝑖 (1)|𝑗̂𝑗 (1)|𝜙𝑖 (1)〉 − 〈𝜙𝑖 (1)|𝐾
𝑗

which simplifies to
𝑛⁄2

ℇ𝑖 =

𝐻𝑖𝑖𝑐𝑜𝑟𝑒

+ ∑(2𝑗𝑖𝑗 − 𝐾𝑖𝑗 )
𝑗=1

(2-63)

Summing Equation 2-62 over 𝑛⁄2 occupied orbitals gives
𝑛⁄2

𝑛⁄2

𝑛⁄2 𝑛⁄2

̂𝑖𝑖𝑐𝑜𝑟𝑒 + ∑ ∑(2𝐽𝑖𝑗 − 𝐾𝑖𝑗 )
∑ ℇ𝑖 = ∑ 𝐻
𝑖=1

𝑖=1

𝑗=1 𝑖=1

The Hartree-Fock energy is obtained by solving ∑ 𝐻𝑖𝑖𝑐𝑜𝑟𝑒
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(2-64)
(2-64)

𝑛⁄2

𝑛⁄2 𝑛⁄2

𝐸𝐻𝐹 = 2 ∑ ℇ𝑖 − ∑ ∑(2𝐽𝑖𝑗 − 𝐾𝑖𝑗 ) + 𝑉𝑁𝑁
𝑖=1

(2-65)

𝑖=1 𝑖=1

Hartree-Fock-Roothaan Equations
Roothaan proposed that the Hartree-Fock spatial orbitals could be represented by linear
combinations of one-electron basis functions.106-107
𝑎

𝜙𝑖 = ∑ 𝑐𝑖𝑗 𝜒𝑗

(2-66)

𝑗=1

where 𝜒𝑗 is the set of one-electron basis functions and 𝑐𝑖𝑗 are the coefficients of expansion. a is
the number of basis functions and should be as large as possible to minimize the error.
Substituting the expression for 𝜙𝑖 in Equation 2-58 results to:
∑ 𝐶𝑗𝑖 𝐹̂ 𝜒𝑗 = ℇ𝑖 ∑ 𝐶𝑗𝑖 𝜒𝑗
𝑗

Multiplying Equation 2-66 by

(2-67)

𝑗

and integrating gives a set of linear homogenous equations that

describe a molecular orbital.
𝑎

∑ 𝐶𝑠𝑖 (𝐹𝑝𝑗 − ℇ𝑖 𝑆𝑝𝑗 ) = 0

𝑝 = 1, 2, … , 𝑎

(2-68)

𝑗=1

where
𝐹𝑝𝑗 = 〈𝜒𝑝 |𝐹̂ |𝜒𝑗 〉
𝑆

𝑝𝑗=⟨𝜒𝑝 |𝜒𝑗 ⟩

(2-69)

(2-70)

For a non-trivial solution:
𝑑𝑒𝑡 = (𝐹𝑝𝑗 − ℇ𝑖 𝑆𝑝𝑗 ) = 0
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(2-71)

The root of this equation provides the orbital energies. The Hartree-Fock-SCF wave functions
tend to average out electron-electron interactions.
Electrons do repel each other and therefore, there exists a space where the probability of finding
an electron is small. This is known as a coulomb hole, which is the result of the correlated
electron motions. So, the wave function can be corrected for instantaneous electron correlation
(2-72)

𝐸𝑐𝑜𝑟𝑟 = 𝐶𝐸 = 𝐸𝑒𝑥𝑎𝑐𝑡 − 𝐸𝐻𝐹
Density Functional Theory

The probability of finding an electron in terms of spatial and spin coordinates in a given
volume element is given as
2

𝜌(𝑥,𝑦,𝑧) = |𝜓(𝑥1, 𝑦1, 𝑧1 , … , 𝑥𝑛, 𝑦𝑛, 𝑧𝑛 , 𝑚𝑠1,…, 𝑚𝑠𝑛 | 𝑑𝑥1 𝑑𝑦1 𝑑𝑧1 … 𝑑𝑥𝑛 𝑑𝑦𝑛 𝑑𝑧𝑛 (2-73)
The distribution function above describes the probability of finding 𝑛 electrons with spin 𝑚𝑠𝑛 in
the volume element 𝑑𝑥1 𝑑𝑦1 𝑑𝑧1. Ignoring electron spin, the summation of the probability over all
possible states for all the electrons gives:
(2-74)

∑ … ∑|𝜓|2 𝑑𝑥1 𝑑𝑦1 𝑑𝑧1 … 𝑑𝑥𝑛 𝑑𝑦𝑛 𝑑𝑧𝑛
𝑚𝑠1

𝑚𝑠𝑛

Ignoring the location of all other electrons, the probability density of locating an electron at
coordinate 𝑥, 𝑦, 𝑧 can be determined by integrating over the coordinates of all other electrons.
2

𝜌(𝑥,𝑦,𝑧) = 𝑛 ∑ ∫ … ∫|𝜓(𝑥, 𝑦, 𝑧, 𝑥2,… 𝑧𝑛 , 𝑚𝑠1,…, 𝑚𝑠𝑛 | 𝑑𝑥2 … 𝑑𝑧𝑛

(2-75)

𝑚𝑠

Representing this in vector notation gives
2

𝜌(𝑟) = 𝑛 ∑ ∫ … ∫|𝜓(𝑟, 𝑟2, , … , 𝑟𝑛, 𝑚𝑠1,…, 𝑚𝑠𝑛 | 𝑑𝑟2 … 𝑑𝑟𝑛
𝑚𝑠
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(2-76)

The average for an 𝑛-electron molecule is given as:
𝑛

𝑛

𝑛

∗

〈𝜓 |∑ 𝑓(𝑟𝑖 )| 𝜓〉 = ∫ 𝜓 ∑ 𝑓(𝑟𝑖 )𝜓𝑑𝜏 = ∑ 𝜓2 𝑓(𝑟𝑖 )𝑑𝜏
𝑖=1

𝑖=1

(2-77)

𝑖=1

Since electrons are indistinguishable, the value of the last summation can be simplified for
𝑛 electrons
𝑛

〈𝜓 |∑ 𝑓(𝑟𝑖 )| 𝜓〉 = ∫ 𝑛|𝜓|2 𝑓(𝑟𝑖 )𝑑𝜏

(2-78)

𝑖=1

The probability density can be simplified to
𝑛
∗

∫ 𝜓 ∑ 𝑓(𝑟𝑖 )𝜑𝑑𝜏 = ∫ 𝜌(𝑟)𝑓(𝑟)𝑑𝜏

(2-79)

𝑖=1

In 1964, Pierre Hohenberg and Walter Kohn proposed that electron density, rather than
the wave function provides all the information for a many electron system and that the molecular
energies can be determined completely by the ground state electron probability density
𝜌0 (𝑥, 𝑦, 𝑧).108 For example, there are four coordinates for each single electron if the spin is
included. This makes it complicated to calculate the energy and other properties for many
electron molecules using the wave functions. A substitute for the wavefunction is possible,
which has fewer variables but can still provide all the information about the system. According
to Hohenberg and Kohn the ground state electronic energy 𝐸0 , is directly proportional to the
probability density and given as
(2-80)

𝐸0 = 𝐸0 [𝜌0 ]
The electronic Hamiltonian in atomic units can be written as
𝑛

𝑛

𝑖=1

𝑖=1

1
1
̂ = − ∑ ∇𝑖 2 + ∑ 𝑣(𝑟𝑖 ) + ∑ ∑
𝐻
2
𝑟𝑖𝑗
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𝑖

𝑗>𝑖

(2-81)

𝑣(𝑟𝑖 ) = − ∑
𝑎

𝑍𝑎
𝑟𝑖𝑎

(2-82)

The term 𝑣(𝑟𝑖 ) is the potential energy for the interaction between electron 𝑖 and the nuclei. The
wave function and the energy of the system are determined as a solution to the Schrödinger
equation having known the external potential and the number of electrons.
The Hohenberg-Kohn theorem states that the external potential and the number of
electrons is given by the ground state electron probability density. Hence the electron density
gives the wave functions and energy of the system under consideration. The electron density
determines the number of electrons by
∫ 𝜌0 (𝑟)𝑑𝑟 = 𝑛

(2-83)

From the above, it suggests that the ground state electronic energy is a functional of the electron
probability density which can be represented by
𝐸0 = 𝐸𝑣 = [𝜌0 ]
The ground state energy is written as;
𝐸0 = 𝐸𝑣 [𝜌0 ] = 𝑇̅[𝜌0 ] + 𝑉̅𝑁𝑒 [𝜌0 ] + 𝑉̅𝑒𝑒 [𝜌0 ]

(2-85)

The sum of the average kinetic energy term 𝑇̅, average electron-nuclear attraction term, 𝑉̅𝑁𝑒 , and
the average electron-electron repulsion term, 𝑉̅𝑒𝑒 , is the is energy of the system.

𝑛

𝑉̅𝑁𝑒 = 〈𝜑0 |∑ 𝑣(𝑟𝑖)| 𝜑0 〉 = ∫ 𝜌(𝑟)𝑣(𝑟)𝑑𝜏

(2-86)

𝑖=1

Where the unknowns in Equation 2-85 are the 𝑉̅𝑁𝑒 [𝜌0 ] and 𝑉̅𝑒𝑒 [𝜌0 ] and are independent of the
external potential.

50

Kohn- Sham Method
The Hohenberg-Kohn theorem has a major disadvantage such that it lacks information
regarding the evaluation of the ground state energy term from the electron density. Thus, in 1965
Kohn and Sham proposed a method to calculate the 𝜌0 and evaluating 𝐸0 from 𝜌0 .109 The method
uses a fictitious non-interacting system of 𝑛 electrons. It also concluded that all non-interacting
electrons experience the same external potential energy function 𝑣𝑠 (𝑟𝑖) such that the electron
probability density of the reference system 𝜌𝑠 (𝑟) is equal to the ground state electron density of
the molecule 𝜌0 (𝑟). The Hamiltonian for a reference system is equal to
𝑛

𝑛

1
̂ = ∑ [− ∇2 𝑖 + 𝑣𝑠 (𝑟𝑖)] = ∑ ℎ̂𝑖 𝑘𝑠
𝐻
2
𝑖=1

(2-87)

𝑖=𝑙

The reference system is related to the real molecule by including an extra term such that:
̂ = 𝑇̂ + ∑ 𝑣(𝑟𝑖 ) + 𝜆𝑉̂𝑒𝑒
𝐻

(2-88)

𝑖

where the value of 𝜆 ranges from 0 (the non-interelectronic repulsions that is the reference
system) to 1 (the real system).
The Slater determinant of Kohn-Sham spin-orbitals is given as:
𝜑𝑠,0 = ||𝑢1 𝑘𝑠 𝑢2 𝑘𝑠 … 𝑢𝑛 𝑘𝑠 ||

(2-89)

𝑢𝑖 𝑘𝑠 = 𝜃𝑖 𝑘𝑠 (𝑟𝑖)𝜎𝑖

(2-90)

The spatial function 𝜃𝑖 𝑘𝑠 is the eigenfunction of the one-electron Kohn-Sham Hamiltonian.
𝑘𝑠
ℎ̂𝑖 𝜃𝑖 𝑘𝑠 = 𝜀̂𝑖 𝑘𝑠 𝜃𝑖 𝑘𝑠

Kohn and Sham modified Equation 2-86 and defined the new terms as follows.
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(2-91)

𝐸0 = 𝐸𝑣 [𝜌0 ] = ∫ 𝜌0 (𝑟)𝑣(𝑟)𝑑𝑟 + 𝑇̅𝑠 [ 𝜌0 ] +
(2-92)
1
𝜌0 (𝑟1 )𝜌0 (𝑟2 )
∬
𝑑𝑟1 𝑑𝑟2 + ∆𝑇̅[𝜌0 ] + ∆𝑉̅𝑒𝑒 [𝜌0 ]
2
𝑟12
∆𝑇̅[𝜌0 ] = ∆𝑇̅[𝜌0 ] − ∆𝑇̅𝑠 [𝜌0 ]

(2-93)

1
𝜌0 (𝑟1 )𝜌0 (𝑟2 )
∆𝑉̅𝑒𝑒 [𝜌0 ] = 𝑉̅𝑒𝑒 [𝜌0 ] − ∬
𝑑𝑟1 𝑑𝑟2
2
𝑟12

(2-94)

The double integral on the right of the expression represents the interelectronic repulsion energy
for electrons smeared out as a continuous charge distribution with density 𝜌 . Combining
Equations 2-93, 2-94, and 2-86 gives:
𝐸𝑣 [𝜌0 ] = ∫ 𝜌0 (𝑟)𝑣(𝑟)𝑑𝑟 + 𝑇̅𝑠 [ 𝜌0 ] + ∆𝑇̅𝑠 [𝜌0 ] +

(2-95)

1
𝜌0 (𝑟1 )𝜌0 (𝑟2 )
∬
𝑑𝑟1 𝑑𝑟2 + ∆𝑉̅𝑒𝑒 [𝜌0 ]
2
𝑟12
where the unknowns ∆𝑇 and ∆𝑉𝑒𝑒 are the summation which are defined as the correlation energy
functional given as:
𝐸𝑥𝑐 [𝜌0 ] = ∆𝑇̅[𝜌0 ] + ∆𝑉̅𝑒𝑒 [𝜌0 ]

(2-96)

In Equation 2-93, the terms are separated so that the essential contribution from 𝐸0 are the first
three terms, and are calculated from a known electron density, and the smallest contribution from
the unknown functional 𝐸𝑥𝑐 [𝜌0 ]. The electronic kinetic energy and the external potential energy
can be substituted into the Equation 2-95 to yield
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𝐸0 = − ∑ 𝑍𝑎 ∫
𝑎

𝜌0(𝑟1)
𝑑𝑟1 −
𝑟1𝑎

(2-97)

𝑛

1
1
𝜌0 (𝑟1 )𝜌0 (𝑟2 )
∑〈𝜃𝑖 𝑘𝑠 (1)|∇1 2 |𝜃𝑖 𝑘𝑠 (1)〉 + ∬
𝑑𝑟1 𝑑𝑟2 + 𝐸𝑥𝑐 [𝜌0 ]
2
2
𝑟12
𝑖=1

Recall that the reference system was chosen as 𝜌0 = 𝜌𝑠 the ground state electron density can be
calculated from
𝑛

𝜌0 = 𝜌𝑠 = ∑|𝜃𝑖 𝑘𝑠 |

2

(2-98)

𝑖=1

where 𝜃𝑖 𝑘𝑠 is known as the spatial part of the anti-symmetric wave function. So, the ground state
electronic energy 𝐸0 can be calculated from (KS) orbitals 𝜃𝑖 𝑘𝑠 and a good approximation
𝐸𝑥𝑐 [𝜌0 ].
The Kohn-Sham orbitals satisfy the equation;
1
𝑍𝛼
𝜌(𝑟2
[− ∇1 2 − ∑
+∫
𝑑𝑟 + 𝑣𝑥𝑐 (1)] 𝜃𝑖 𝑘𝑠 (1) = 𝜀𝑖 𝑘𝑠 𝜃𝑖 𝑘𝑠 (1)
2
𝑟12
𝑟12 2

(2-99)

𝛼

𝑣𝑥𝑐 is the exchange correlation potential and it is defined as the functional derivative of the
exchange correlation potential.

𝑣𝑥𝑐 (𝑟) =

𝛿𝐸𝑥𝑐 [𝜌(𝑟)]
𝛿𝜌(𝑟)

(2-100)

B3LYP Functional
The sum of the exchange functional 𝐸𝑥 and correlation-energy functional 𝐸𝑐 gives the
exchange correlation functional 𝐸𝑥𝑐 .
𝐸𝑥𝑐 = 𝐸𝑥 + 𝐸𝑐
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(2-101)

𝐸𝑥 can be derived from the terms in Equation 2-63 that involve the exchange integral 𝐾𝑖𝑗 defined
in Equation 2-56 by replacing the Hartree-Fock orbitals with Kohn-Sham orbitals.
𝑛

𝑛

1
1
𝐸𝑥 = − ∑ ∑ 〈𝜃𝑖 𝑘𝑠 (1)𝜃𝑗 𝑘𝑠 (2) | | 𝜃𝑗 𝑘𝑠 (1)𝜃𝑖 𝑘𝑠 (2)〉
4
𝑟12

(2-102)

𝑖=1 𝑗=1

The constant 1⁄4 accounts for the double sum of 𝑛

electrons instead of 𝑛⁄2 orbitals in

Equation 2-65. The correlation energy functional can be calculated from the subtraction of 𝐸𝑥
and 𝐸𝑥𝑐 . In other to obtain a more accurate result, approximating both 𝐸𝑥 and 𝐸𝑐 using a model
may be necessary. This results in the exchange -correlation functional:
𝐸𝑥𝐿𝐷𝐴 [𝜌] = ∫ 𝜌(𝑟)𝜀𝑥𝑐 (𝜌)𝑑𝑟

(2-103)

The exchange plus correlation energy 𝜀𝑥𝑐 (𝜌) is an assumption that the electron is surrounded by
a homogenous electron gas of electron of electron density 𝜌. The Local Spin Density
Approximation (LSDA) model rather than LDA is most suitable for open shell systems because
it allows electron pairs to have different spatial KS orbitals, thus the LSDA is analogous to the
UHF method in which the different Hartree-Fock orbitals for electrons have different spins.
To improve on the LDA and LSDA models, the electron density dependence on position must be
specified. The introduction of the generalized-gradient approximation (GGA) incorporates this
dependency by including the gradients of the electron densities 𝜌𝛼 and 𝜌𝛽 of the paired
electrons.
𝐺𝐺𝐴 [𝜌]
𝐸𝑥𝑐
= ∫ 𝑓(𝜌𝛼 (𝑟), (𝜌𝛽 (𝑟), ∇(𝜌𝛼 (𝑟), ∇ (𝜌𝛽 (𝑟)) 𝑑𝑟
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(2-104)

where f is a function and it depends on the spin densities and their gradients, and ∇ is the first
order differential operator. A gradient correction to the 𝐸𝑥𝐿𝑆𝐷𝐴 was described by Becke’s 1988
exchange functional and it is given as110
𝐸𝑥𝐵88 = 𝐸𝑥𝐿𝑆𝐷𝐴 −

𝑏 ∑ ∫
𝜎=𝛼,𝛽

(𝜌𝜎 )4⁄3 𝜒𝜎2
𝑑𝑟 = 𝐸𝑥𝐿𝑆𝐷𝐴 + ∆𝐸𝑥𝐵88
1 + 6𝑏𝜒𝜎 ln[𝜒𝜎 + (𝜒𝜎2 + 1)1⁄2 ]

(2-105)

𝑏 is an empirical parameter, 𝜒𝜎 is equal to |∇𝜌𝜎 |⁄(𝜌𝜎 )4⁄3 and ExLDA is given as
𝐸𝑥𝐿𝑆𝐷𝐴

3 6 1⁄3
= − ( ) ∫[(𝜌𝛼 )4⁄3 + (𝜌𝛽 )4⁄3 ]𝑑𝑟
4 𝜋

(2-106)

Hybrid exchange-correlation functionals are now being used. The first hybrid exchangecorrelation functional B3PW91 was proposed by Becke; it included Equation 2-101, the GGA
exchange and correlation functionals.111 The hybrid functional was named after Becke including
the three parameters named as Becke3LYP or B3LYP and it is defined as:112-113
𝐵3𝐿𝑌𝑃
𝐸𝑥𝑐
= (1 − 𝑎0 − 𝑎𝑥 )𝐸𝑥𝐿𝑆𝐷𝐴 + 𝑎0 𝐸𝑥 𝐻𝐹 + 𝑎𝑥 𝐸𝑥 𝐵88 + (1 − 𝑎𝑐 )𝐸𝑐𝑉𝑊𝑁 + 𝑎𝑐 𝐸𝑐 𝐿𝑌𝑃 (2-107)

where 𝑎𝑐 , 𝑎𝑥 and 𝑎0 are parameters, 𝐸𝑐 𝐿𝑌𝑃 represent GGA correlation functional developed by
Lee et al.18 𝐸𝑐𝑉𝑊𝑁 represents LSDA correlation developed by Vosko, et al.114
Basis Sets
Basis sets, as used in computational chemistry, refer to a sets of nonorthogonal functions
called atomic orbitals which are used to build molecular orbitals. Thus, are said to be centered on
atoms, although a few functions may be centered in bonds and lone pairs. A linear combination
of Slater type orbitals (STOs) are used to represent atomic orbitals. The STOs shared some
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similarities with the eigenfunctions of the hydrogen atoms. The general definition for a
normalized STO for an atom of radius r in a linear molecule is given as:
𝜁

𝑆𝑛𝑙𝑚 (𝑟, 𝜃, 𝜙) =

(2𝜁 ⁄𝑎0 )𝑛+1⁄2 𝑛−1 𝜁𝑟⁄𝑎 𝑚
0 𝑌 (𝜃, 𝜙)
𝑟 𝑒
𝑙
[(2𝑛)!]1⁄2

(2-108)

In the equation above the fractional is the normalization factor, 𝑌𝑙𝑚 (𝜃, 𝜙) is the spherical
harmonic which describes the shape of orbital and takes the form [(𝑌𝑙𝑚 )∗ ± 𝑌𝑙𝑚 ],⁄21⁄2 for a
nonlinear molecule to form cartesian orbitals. 𝜁 is the orbital exponent which can only be a
positive value. The exponential term controls the size of the orbital, where a large zeta gives a
small dense function and a small zeta gives a large diffuse function. For polyatomic molecules,
the calculations using STO basis functions usually results in a multi-center integral which is time
consuming even for small molecules and cannot be performed efficiently. The Gaussian-type
functions (GTF) were proposed by Boys in order to save computational time.115 The Gaussian is
centered on atom α with exponent 𝛼 is
2

𝑔𝑖𝑗𝑘 = 𝑁𝑥𝑎𝑖 𝑦𝑎𝑖 𝑧𝑎𝑖 𝑒 −𝛼𝑟𝑎

(2-109)

where 𝑁 is the normalization constant and it is equal to
1⁄2

2𝛼 3⁄4 (8𝛼)𝑖+𝑗+𝑘 𝑖! 𝑗! 𝑘!
𝑁=( ) [
]
(2𝑖)! (2𝑗)! (2𝑘)!
𝜋

(2-110)

The sum of i, j, and k equals the angular momentum. The s-type Gaussian is given 𝑖 + 𝑗 + 𝑘 =
0, p-type Gaussian as 𝑖 + 𝑗 + 𝑘 = 1 and d-type as 𝑖 + 𝑗 + 𝑘 = 2. Unlike STOs, GTOs do not
represent hydrogen-like atoms due to the square of the radius in the exponential term. This
usually results in the loss of the cusp at 𝑟 = 0 and decays rapidly as 𝑟 becomes larger. A linear
combination of primitive Gaussian functions 𝑔𝑢 that closely resembles a corresponding STO can
be used to proffer the solution to the problem.
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𝜒𝑟 = ∑ 𝑑𝑢𝑟 𝑔𝑢

(2-111)

𝑢

𝑑𝑢𝑟 is the contraction coefficient which is held constant throughout the calculation. 𝜒𝑟 is known
as the contracted GTFs (CGTFs) and are even more efficient than STOs essentially because the
product of two Gaussian functions at different centers is equal to a single Gaussian function at a
new center. Many basis sets are composed of GTOs. The most basic and smallest are called
minimal basis sets, which ensures that a single basis function is used for each atomic orbital.
Double zeta (DZ), triple zeta (TZ), and quadruple zeta (QZ) bases use two, three and four basis
functions with different orbital exponents for each AO, respectively. When the number of basis
functions that describe an atomic orbital is increased, it allows more flexibility in the size of the
orbital when other atoms approach.
Extended basis sets such as split-valence, polarized sets, diffuse sets, correlation consistent
sets, and augmented sets are used to providing better accuracy in calculations. A split-valence basis
set can be used to split inner and outer shell AOs. In this case each inner-shell AO is represented
by a minimal basis set and each outer-shell AO is represented by two (valence double zeta:VDZ)
or more basis functions (e.g VTZ, VQZ, etc). This is particularly useful because most chemical
reactions occur between the valence electrons.
Polarized sets are used to add basis functions of higher momentum than that of ground
state valence shell since chemical bonding in molecules results in anisotropic distribution of
electrons that cannot be included by simply changing orbital exponents. Diffuse sets are used to
describe orbitals that are far from the nucleus to account for weak anions, Rydberg states and van
der Waals interactions. Augmented basis functions add one set of diffuse functions to the core
valence/valence electron to give the aug-cc-pVXZ where X=(D, T,Z).
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A contracted Gaussian type basis set known as a Pople basis set was developed by John
Pople and coworkers to mimic the appearance of STOs.116 The minimal basis is represented as
STO-nG in which each AO is represented by the n primitive Gaussian functions. The Pople splitvalence basis set takes the form k-nlm (idf, jpd) or nlm++G** where k, l, m, n are primitive
GTFs for core, inner valence, medium valence and outer electrons, respectively. One asterisk
indicates one set of five 3d polarization functions added to all non-hydrogen atoms, and two
asterisks indicate an extra set of three 2p polarization functions added to hydrogen atoms. The idf
in parentheses signifies i set of d-type and one set of f-type polarization functions added to nonhydrogen atoms, and the additional jpd term signifies j set of p-type and one set of d-type
polarization functions added to hydrogen atoms. One positive sign denotes one set of p-type
diffuse functions added to non-hydrogen atoms, and two positive signs denote a supplemental stype diffuse function added to hydrogen atoms.
Correlation consistent basis set were proposed by Thomas Dunning and coworkers to
recover the correlation energy of valence electrons.117 Thus, they are built up by adding shells of
functions to a core set of atomic Hartree-Fock functions. This results in very similar
contributions to the amount of correlation energy from each of the function in the shells for an
atomic calculation. In Dunning’s work, correlation consistent polarized valence sets cc-pVXZ
are built from X-zeta basis functions where X may be D, T Q, 5, 6, 7, etc.).117-121 For example,
cc-pVDZ consists of 3s2p1d. cc-pVTZ consists of 4s3p2d1f and cc-pVQZ would be 5s4p3d2f1g.
Dunning’s basis set were optimized using higher order correlated methods as opposed to Pople
basis set which were optimized using HF calculations of atoms and small molecules. In addition,
there is a systematic convergence to the complete basis set (CBS) limit, where the multi-electron
basis is infinitely expanded and 𝑋 = ∞.122
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Extrapolation of Basis Sets
Calculations involving electronic structure are limited by slow convergence of correlated
electrons. Complete basis set methods that extrapolate to a complete one-electron basis set for a
given level of electron correlation or to the limit of complete interaction will be quite valuable in
mitigating the problem of the slow convergence.
Halkier et al. and Martin123-124 presented a practical method for the extrapolation of basis
sets. A very accurate result was observed for small molecules by extrapolating from very large
basis sets. They developed Equation 2-113 that extrapolates single point energies to the CBS
limit using HF level theory.121 Comparing the property value calculated at the CBS limit to the
experimental value helps to determine the accuracy of any theoretical method.125

𝐸1 (𝑥) = 𝐸𝐶𝐵𝑆 +

𝐵
1 4
(𝑥 + 2)

(2-112)

Feller126 introduced an exponential form of the CBS limit extrapolation which has three
parameters and thus can be used for three energy calculations.
𝐸2 (𝑥) = 𝐸𝐶𝐵𝑆 + 𝐵𝑒 −𝛼𝑛
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(2-114)
(2-113)

In both Equation 2-113 and 2-114, 𝐸𝐶𝐵𝑆 is the energy at the basis set limit, 𝐵 and is a parameter
and 𝑥 is the number of the basis set limit, the value of 𝑥 is 2, 3 , 4 etc. for cc-pVDZ, cc-pVTZ ,
cc-pVQZ respectively and reaches the CBS limit at x=∞
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CHAPTER 3. RESULTS AND DISCUSSION
Computational Details
Ab initio calculations were performed using NWChem 6.8.1127 software from the
Molecular Sciences Laboratory Software group of Pacific Northwest National Laboratory on a
Dell PowerEdge R730 server with 192 GB of memory and 12 TB of disk. Pictorial
representations of the molecules were generated with the WebMO 17.0.012e interface.1258 Basis
set extrapolation calculations were performed with the online basis extrapolation calculator129
and graphs were made with Curve Expert Professional 2.6.5130 Optimized geometries were
calculated using Hartree-Fock (HF) and Density Functional Theory (DFT) in conjunction with
the Pople 6-31G and 6-31G(d) basis sets, correlation consistent polarized valence-only basis sets
(cc-pVXZ; X=D, T, Q).
Basis set extrapolation methods uses optimized geometry energy calculations from
Hartree-Fock and Density Functional Theories in conjunction with Dunning’s cc-pVXZ (X=D,
T, Q) basis sets. Geometry optimization at the quadruple-zeta basis level were difficult to obtain
given the time frame, thus only single point molecular energy calculations were done at the
quadruple-zeta basis level using double-zeta optimized geometries.
In view of the error expected from the calculations expected from molecular energy
calculations other than geometry optimization, basis set extrapolations were also performed at
only double-zeta (D) and triple-zeta (Z) to compensate for the error, which may be obtained from
combining geometry optimization with single point molecular energy calculations. The complete
basis set extrapolation limit curves for each molecule are given in appendix B, figures 23-38.

Discussion of Results
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Melatonin has been identified as an antioxidant and several reaction paths have been
identified. Experimental data are limited in providing accurate description of the reaction
mechanisms thus, computational study is used in this research to give insight into the antioxidant
activity of melatonin. The stability of the intermediate formed during the partial oxidation of
melatonin can provide information about the antioxidant activity of melatonin. In addition, in
vivo spin trapping of the radical by melatonin and its oxidation products can be determined.
Geometry optimizations of melatonin and its partial oxidation products: 2-OH-MLT, 4OH-MLT and 6-OH-MLT were performed to determine the energies at the HF and DFT/B3LYP
levels of theory. From our results, the energy data obtained for DFT is lower than HF at all basis
sets. This supports a well-known fact that DFT is a more reliable method for the computation of
molecular energies, geometry optimization, vibrational frequency, and molecular structures.131
The total energy was obtained by the sum of electronic energies obtained from the
geometry optimization and the Zero Point Energy (ZPE) from frequency calculations. This total
energy is required to compute the enthalpy of our reactions.
Tables 1 and 2 show the enthalpy of reaction of three oxidation products, 2-OH-MLT, 4OH-MLT and 6-OH-MLT formed during the partial oxidation of melatonin with hydroxyl
radicals. The results indicate that the reaction is exothermic for all the three paths. Clearly, the
position of the hydroxyl group contributes to the stability of the oxidation products.
According to Galano132, the reaction is expected to be exothermic and this research
supports Galano’s findings. Thermodynamically, the heat of reactions obtained from DFT
calculations are lower than those obtained from HF calculations for all basis sets and at the CBS
limit.
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However, a similar trend is observed from both calculations: the heat of reaction for 2OH-MLT path appears to be much lower than for both 4-OH-MLT and 6-OH-MLT paths
indicating a more favorable path towards the formation of the 2-OH-MLT. Furthermore,
electronic energies obtained from the optimization of geometry at all levels of theory indicate
very low energy of the oxidation products compared to parent melatonin with 2-OH-MLT being
the lowest. This observation is acceptable because the addition of the hydroxyl group improves
the stability of molecules by donating an electron to the ring making it more stable. Thus, in the
case of melatonin, we observed a much more stable oxidation product.
As stated earlier, the electronic energy of the 2-OH-MLT appears to be lower than the
other oxidation products, this observation can be supported from the position of the phenol
group. For 2-OH-MLT, the hydroxyl group is located on position 2 which favors the
delocalization of electrons because it lies between a double bond and a lone-pair of electrons of
nitrogen. Besides, the delocalization of electrons, 2-OH melatonin can quickly transition to its
keto form i.e. 3-acetamidoethyl-5-methoxyindolin-2-one which is the most stable form132 and
has been detected consistently under experimental conditions.133 The energy gap for the 3
reaction paths towards the formation of the different oxidation products are in the rage of (-0.1) (-0.2) hartrees, i.e. an average of about -94 kcal/mol, with 2-OH melatonin path being the lowest
as indicated in Table 5 and Figures 15-18.
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Table 1: Enthalpy of reaction ∆𝑯𝒓 (in kcal/mol ) for the oxidation of melatonin by hydroxyl
radical at the Hartree-Fock level of theory
Molecule
HF/6-31G
HF/6-31G(d)
HF/cc-pVDZ HF/cc-pVTZ HF/cc-pVQZ
2-OH MLT

-56.4251975

-68.0445183

-72.74186

-73.25970

-78.44116

4-OH MLT

-52.9671975

-63.7348183

-68.37006

-70.3560

-74.18847

6-OH MLT

-46.8967975

-62.8420183

-62.68086

-64.28291

-65.86487

𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑒𝑙𝑒𝑐 + Zero point energy (ZPE)
(2-115)
∆𝐻𝑟 = 𝐸𝑡𝑜𝑡𝑎𝑙 (𝑂𝐻 − 𝑀𝐿𝑇) + 𝐸𝑡𝑜𝑡𝑎𝑙 (𝐻2 𝑂) − [𝐸𝑡𝑜𝑡𝑎𝑙 (𝑀𝐿𝑇) + 2(𝐸𝑡𝑜𝑡𝑎𝑙 (𝑂𝐻)]

(2-116)

∗ 𝐸𝑒𝑙𝑒𝑐 = 𝐸𝑙𝑒𝑡𝑟𝑜𝑛𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦
Table 2: Enthalpy of reaction (∆𝑯𝒓 ) (in kcal/mol) for the oxidation of melatonin by
hydroxyl radical at the Density Functional Theory level of theory
Molecule

DFT/6-31G

DFT/6-31G(d)

DFT/cc-pVDZ

DFT/cc-pVTZ

DFT/cc-pVQZ

2-OH MLT

-103.38638

-105.95009

-109.84068

-117.17493

-115.16245

4-OH MLT

-98.35728

-106.46001

-102.67158

-97.78103

-104.81572

6-OH MLT

-91.25788

-106.112912

-108.48138

-110.00821

-112.00720

Table 3. Optimized geometry energies of melatonin and its oxidation products at the HF/ccpVDZ, HF/cc-pVTZ , HF/cc-pVQZ and the HF CBS limits
Molecule

HF/cc-pVDZ

melatonin
2-OH MLT
4-OH MLT
6-OH MLT
OH radical
H2O

-760.29707
-835.17469
-835.16754
-835.15758
-75.39044
-76.02739

HF/ccpVTZ
-760.50210
-835.40262
-835.39626
-835.38688
-75.41507
-76.05832

HF/cc-pVTZ

HF ECBS1

HF ECBS2

-760.55119
-835.45667
-835.44990
-835.44130
-75.421389
-76.06658

-760.57426
-835.48283
-835.47675
-835.46407
-75.42374
-76.06922

-760.58621
-835.49478
-835.46633
-835.47968
-765.42609
-76.06958

*All energies are in hartrees (1 hartree= 2625.500kJ/mol, 1 hartree=627.5 kcal/mol)
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Table 4. Optimized geometry energies of melatonin and its oxidation products at the
DFT/B3LYP/cc-pVDZ, DFT/ B3LYP cc-pVTZ, DFT/ B3LYP /cc-pVQZ and the
DFT/B3LYP/CBS limits
Molecule
Melatonin
2-OH MLT
4-OH MLT
6-OH MLT
OH radical
H2O

DFT/ccpvDZ
-765.03532
-840.26482
-840.25318
-840.26251
-75.73336
-76.42185

DFT/cc-pVTZ

DFT/cc-pVQZ

DFT ECBS3

DFT EECBS4

-765.27315
-840.53589
-840.51663
-840.51498
-75.76500
-76.46126

-765.32706
-840.59529
-840.57775
-840.58923
-75.77311
-76.47075

-765.35684
-840.63123
-840.60973
-840.60372
-75.77613
-76.47513

-765.34286
-840.61196
-840.59621
-840.60912
-75.77949
-76.47377

*All energies are in hartrees (1 hartree= 2625.500kJ/mol, 1hartree=627.5 kcal/mol

Table 5: Enthalpy of reaction (∆𝑯𝒓 ) (in kcal/mol) for the oxidation of melatonin at HF and
DFT CBS limit
Oxidation Product HF/ECBS1
HF/ECBS2
DFT/ECBS3
DFT/ECBS4
2-OH MLT

-87.063413 -73.20549

4-OH MLT

-82.255298 -69.30479

6-OH MLT

-77.427124 -58.8449

-105.9655
-92.19234
-98.15868

-107.29300
-97.41940
-105.51166

∆𝐻𝑟(𝐶𝐵𝑆) = 𝐸𝑡𝑜𝑡𝑎𝑙(𝐶𝐵𝑆) (𝑂𝐻 − 𝑀𝐿𝑇) + 𝐸𝑡𝑜𝑡𝑎𝑙(𝐶𝐵𝑆) (𝐻2 𝑂) − [𝐸𝑡𝑜𝑡𝑎𝑙(𝐶𝐵𝑆) (𝑀𝐿𝑇)
(2-117)

+ 2(𝐸𝑡𝑜𝑡𝑎𝑙(𝐶𝐵𝑆) (𝑂𝐻)]

Table 6: Electronic energy gap values (∆E) for the reaction of melatonin with hydroxyl
radical at positions 2, 4, and 6 at HF and DFT CBS limit
Oxidation Product

HF/∆ECBS1

HF/∆ECBS2

DFT/∆ECBS3

DFT/∆ECBS4

2-OH MLT

-0.13189

-0.12835

-0.19732

-0.18390

4-OH MLT

-0.12422

-0.12214

-0.17537

-0.16816

6-OH MLT

-0.11653

-0.10547

-0.18488

-0.18106

∆𝐸 = 𝐸𝑒𝑙𝑒𝑐 (𝑂𝐻 − 𝑀𝐿𝑇 ) + 𝐸𝑒𝑙𝑒𝑐 (𝐻2 𝑂) − [𝐸𝑒𝑙𝑒𝑐 (𝑀𝐿𝑇) + 2(𝐸𝑒𝑙𝑒𝑐 (𝑂𝐻)]
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(2-118)

Figure 15: Electronic energy gap chart of the oxidation products of melatonin at the HF CBS
limit calculated from ECBS1

Figure 16: Electronic energy gap chart of the oxidation products of melatonin at the HF CBS
limit calculated from ECBS2
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Figure 17: Electronic energy gap chart of the oxidation products of melatonin at the HF CBS
limit calculated from ECBS3

Figure 18: Electronic energy gap chart of the oxidation products of melatonin at the HF CBS
limit calculated from ECBS4
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Figure 19: Structure of optimized geometry of melatonin

Figure 20: Structure of optimized geometry of 2-OH-MLT
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Figure 21: Structure of optimized geometry of 4-OH-MLT

Figure 22: Structure of optimized geometry of 6-OH-MLT
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However, there is no clear distinction between 4-OH-MLT and 6-OH-MLT as the energy
gap as indicated in Figures 15-18 is not consistent between different levels of theory used herein.
The stability of 2-OH-MLT indicates that the radical intermediates formed via the 2-OH
melatonin path will be more stable and may support the hypothesis of melatonin as a spin trap
since the stable compound has a longer lifetime as compared to isolated hydroxyl radical.
However, the 2-OH melatonin may not be used as a further spin trap because of its increased
stability of the keto form making it unreactive towards free radicals. 4-OH and 6-OH melatonin,
on the other hand, may still function as spin traps since they do not form any stable tautomer.
Conclusion
The mechanism of reaction indicated in Figures 11-13 shows a multi-step reaction during
the oxidation of melatonin by hydroxyl radical and proceed via addition of radical to the indole
ring to generate a neutral indolyl radical. This type of reaction is known to be exothermic
according to previous works79 and our research clearly support this fact as all the reactions are
exothermic.
The electronic energies obtained from the optimized geometry shows large drop in
energies of the oxidation products compared to the parent melatonin. The energy gap for all
products is between (-0.1) – (-0.2) hartrees and an average of about -94kcal/mol. Calculation of
the enthalpy of reactions indicates that all the three reaction paths are exothermic. The enthalpy
of reaction of the of 2-OH-MLT path appears to much lower indicating a more stable
intermediate. This observation is quite reasonable because 2-OH-MLT is in equilibrium with its
keto form i.e. 3-acetamidoethyl-5-methoxyindolin-2-one and this keto form is more stable.
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Also, the heat of reaction is lower for 2-OH-MLT as compared to both 4-OH-MLT and 6OH-MLT. The low energy of the oxidation products compared to the parent melatonin indicate a
stable radical intermediate, with 2-OH-MLT having the lowest energy. This would lengthen the
lifetime of the radical intermediate and thus enable easier characterization with ESR
spectroscopy. Therefore, this work supports the possibility of using melatonin as a spin trap, but
further investigation is necessary.
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CHAPTER 4. FUTURE WORK
In the future, it will be necessary to include the kinetics of the reaction of melatonin with
hydroxyl radical. Therefore, the energy of transition states thus the activation energy should be
calculated, and many kinetics data can be evaluated. All of the reactions in this work are in gas
phase thus, an aqueous medium (with varying pH) calculation might be necessary to better
mimic the biological medium. Consequently, extensive theoretical calculations should establish
why 2-OH melatonin is far more stable than any of the oxidation products of melatonin. A semiempirical calculation should be performed alongside the ab initio calculations to further elucidate
the reaction mechanism. For some nitrones such as DMPO, the spin adduct of hydroxyl and
superoxide are not easily distinguished because DMPO-superoxide adduct can spontaneously
decay in to DMPO-hydroxyl adduct.134 Therefore, future work should calculate the theoretical
EPR spectra of the melatonin-hydroxyl-adduct, melatonin derivatives-hydroxyl adduct, and other
various spin radical adducts to determine if the spectra are distinguishable. This will enable
evaluation of the spin trapping ability of melatonin. Furthermore, the calculation should be
extended to the augmented Dunning’s basis set, aug-cc-pVXZ, (X=D, T, Q).
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APPENDICES
Appendix A: Parameter Values at CBS Extrapolation Limit
Table 7: Parameter values of the CBS extrapolation equations for melatonin, oxidation products,
and hydroxyl radical
Molecule

HFECBS1

HFECBS2

DFTECBS4
DFTECBS3

B
Melatonin 10.8272766

B

B

B

4.7023469

1.4294955

12.5594645

5.9858204

1.4842799

2-OH
MLT

12.0984511

5.5901088

1.4660827

14.3152369

7.2303810

1.5181628

4-OH
MLT

12.0787585

5.4335080

1.4502972

13.9126410

6.3726962

1.4609637

6-OH
MLT

12.1669710

6.5493572

1.5550563

13.9195907

6.0409461

1.4290625

OH
Radical

1.3009282

0.5046971

1.3619375

1.6705564

0.3338447

2.8555673

H2O

1.6338931

0.5934995

1.3219597

2.0812564

0.8942294

1.4231068
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Appendix B: Complete Basis Set Extrapolation Curves

Data name: Data
Dataset source: Unknown
Number of Points: 3
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-760.5511874

Maximum

4

-760.2970722

Range

2

0.2541152

Average

3

-760.450119433

Std. Deviation 0.816496580928

0.110060640377

Distributing the calculation over 4 cores...
Final Result [Custom/HF(CBS2) exponential_3_parameters_corrected]:
Equation: -760.5666416+ b* exp (-x* alpha)
b = 4.702306276105102E+00
alpha = 1.429491308529638E+00
Standard Error: 6.464842237753118E-07
Correlation Coefficient: 9.999999999942495E-01
Run time: 0.2490 seconds
Figure 23: Graph of optimized energy of melatonin fit to HF/cc-pVXZ (X=D, T, Q) CBS limit
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Dataset name: Data
Dataset source: unknown
Number of Points: 3
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-835.4566734

Maximum

4

-835.1746939

Range

2

0.2819795

Average

3

-835.345052933

Std. Deviation 0.816496580928

0.122381300357

Final Result [Custom/2-OH(MLT)HF_exponential_3_parameters_corrected]:
Equation: -835.4725435 + b* exp (-x* alpha)
b = 5.590096379772326E+00
alpha = 1.466081589305363E+00
Standard Error: 1.992227897705757E-07
Correlation Coefficient: 9.999999999995584E-01
Run time: 0.0080 seconds
Figure 24: Graph of the optimized energy of 2-OH melatonin fit to HF/cc-pVXZ (X=D, T, Q)
CBS limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 3
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-835.4498964

Maximum

4

-835.1675358

Range

2

0.2823606

Average

3

-835.337897567

Std. Deviation 0.816496580928

0.122437878394

Distributing the calculation over 4 cores...
Final Result [Custom/4-OH(MLT)_exponential_3_parameters_corrected]:
Equation: -835.4663273+ b* exp (-x* alpha)
b = 5.433494203371832E+00
alpha = 1.450295864263792E+00
Standard Error: 1.718826202998463E-07
Correlation Coefficient: 9.999999999996715E-01
Run time: 0.0090 second
Figure 25: Graph of the optimized energy of 4-OH melatonin fit to HF/cc-pVXZ (X=D, T, Q)
CBS limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 3
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-835.43663

Maximum

4

-835.1575534

Range

2

0.2790766

Average

3

-835.3273873

Std. Deviation 0.816496580928

0.121722107839

Final Result [Custom/6-OH(MLT)_exponential_3_parameters_corrected]:
Equation: -835.4496581+ b* exp (-x* alpha)
b = 6.551054499649934E+00
alpha = 1.555134769059839E+00
Standard Error: 3.769264888731280E-06
Correlation Coefficient: 9.999999998401830E-01
Run time: 0.0070 seconds

Figure 26: Graph of the optimized energy of 6-OH melatonin fit to HF/cc-pVXZ (X=D, T, Q)
CBS limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 2
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-760.5021

Maximum

3

-760.297043

Range

1

0.205057

Average

2.5

-760.3995715

Std. Deviation 0.5

0.1025285

Final Result [Custom/2-parametres_HF(MLT)CBS1)]:
Equation: -760.57426251 + 10.8288873/(x + 1/2)**4
Standard Error: 0.000000000000000E+00
Correlation Coefficient: 0.000000000000000E+00

Figure 27: Graph of the optimized energy of melatonin fit to HF/cc-pVXZ (X=D, T) CBS limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 2
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-835.402619

Maximum

3

-835.17469

Range

1

0.227929

Average

2.5

-835.2886545

Std. Deviation 0.5

0.1139645

Final Result [Custom/2-parameters(2-OH) CBS1]:
Equation: -835.48283050 + 12.0367383/(x+ 1/2)**4
Standard Error: 0.000000000000000E+00
Correlation Coefficient: 0.000000000000000E+00

Figure 28: Graph of the optimized energy of 2-OH melatonin fit to HF/cc-pVXZ (X=D, T) CBS
limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 2
Number of Columns: 2

Statistic

X

Y

------------------Minimum

2

-835.3962605

Maximum

3

-835.1675358

Range

1

0.2287247

Average

2.5

-835.28189815

Std. Deviation 0.5

0.11436235

Final Result [Custom/4-OH(MLT)HFCBS1(2-prameters)]:
Equation: -835.476752 +12.0787585/(x +1/2)**4
Standard Error: 0.000000000000000E+00
Correlation Coefficient: 0.000000000000000E+00

Figure 29: Graph of the optimized energy of 4-OH melatonin fit to HF/cc-pVXZ (X=D, T) CBS
limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 2
Number of Columns: 2

Statistic

X

Y

------------------Minimum

2

-835.3879785

Maximum

3

-835.1575834

Range

1

0.2303951

Average

2.5

-835.27278095

Std. Deviation 0.5

0.11519755

Final Result [Custom/6-OH(HF)(MLT)CBS1)2-Parameter]:
Equation: -835.4690579+ 12.1669710/(x+1/2)**4
Standard Error: 0.000000000000000E+00
Correlation Coefficient: 0.000000000000000E+00

Figure 30: Graph of the optimized energy of 6-OH melatonin fit to HF/cc-pVXZ (X=D, T)
complete basis set limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 3
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-765.3270563

Maximum

4

-765.0353218

Range 2
Average

0.2917345
3

-765.211842433

Std. Deviation 0.816496580928

0.126744215784

Final Result [Custom/MLTDFT_(CBS4) exponential_3_parameters_corrected]:
Equation: -765.3428568 + b* exp (-x* alpha)
b = 5.985803868390095E+00
alpha = 1.484278523326851E+00
Standard Error: 1.694222451222464E-07
Correlation Coefficient: 9.999999999997021E-01
Run time: 0.1760 seconds

Figure 31: Graph of the optimized energy of melatonin fit to DFT/B3LYP/cc-pVXZ (X=D,T,Z)
CBS limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 3
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-840.5952905

Maximum

4

-840.2648193

Range

2

0.3304712

Average

3

-840.465334667

Std. Deviation 0.816496580928

0.143844335575

Final Result [Custom/2-OHMLTDFT_(CBS4)exponential_3_parameters_corrected]:
Equation: -840.6119569 + b* exp (-x* alpha)
b = 7.230386241823301E+00
alpha = 1.518163246310894E+00
Standard Error: 6.185050047778878E-10
Correlation Coefficient: 1.000000000000000E+00
Run time: 0.0180 seconds

Figure 32: Graph of the optimized energy of 2-OH melatonin fit to DFT/B3LYP/cc-pVXZ
(X=D, T, Z) CBS limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 3
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-840.5777565

Maximum

4

-840.2531812

Range

2

0.3245753

Average

3

-840.449190067

Std. Deviation 0.816496580928

0.140827655198

Final Result [Custom/4-OH(MLT)DFTCBS4_exponential_3_parameters_corrected]:
Equation: -840.61958393+ b* exp (-x* alpha)
b = 4.140030692998351E+00
alpha = 1.213514606112460E+00
Standard Error: 1.113998662535561E-02
Correlation Coefficient: 9.989565567550535E-01
Run time: 0.0470 seconds

Figure 33: Graph of the optimized energy of 4-OH melatonin fit to DFT/B3LYP/cc-pVXZ
(X=D, T, Z) complete basis set limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 3
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-840.5892312

Maximum

4

-840.2625114

Range

2

0.3267198

Average

3

-840.459278967

Std. Deviation 0.816496580928

0.14150305887

Final Result [Custom/6-OHMLTDFT_(CBS4) exponential_3_parameters_corrected]:
Equation: -840.6091182 + b* exp (-x* alpha)
b = 6.040946061014567E+00
alpha = 1.429062457800492E+00
Standard Error: 3.794734531838099E-09
Correlation Coefficient: 9.999999999999999E-01
Run time: 0.0160 seconds

Figure 34: Graph of the optimized energy of 6-OH melatonin fit to DFT/B3LYP/cc-pVXZ
(X=D, T, Z) CBS limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 2
Number of Columns: 2

Statistic

X

Y

------------------Minimum

2

-765.2731492

Maximum

3

-765.0353218

Range

1

0.2378274

Average

2.5

-765.1542355

Std. Deviation 0.5

0.1189137

Final Result [Custom/DFT(MLT)CBS3)2-parametres_]:
Equation: -765.3568441 + 12.5594645/(x + 1/2)**4
Standard Error: 0.000000000000000E+00
Correlation Coefficient: 0.000000000000000E+00

Figure 35: Graph of the optimized energy of melatonin fit to DFT/B3LYP/cc-pVXZ (X=D,T)
CBS limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 2
Number of Columns: 2

Statistic

X

Y

------------------Minimum

2

-840.5358942

Maximum

3

-840.2648193

Range

1

0.2710749

Average

2.5

-840.40035675

Std. Deviation 0.5

0.13553745

Distributing the calculation over 4 cores...
Final Result [Custom/DFT(2-OHMLT) CBS3)2-parametres_]:
Equation: -840.6312894 + 14.3152369/(x + 1/2)**4
Standard Error: 0.000000000000000E+00
Correlation Coefficient: 0.000000000000000E+00

Figure 36: Graph of the optimized energy of 2-OH melatonin fit to DFT/B3LYP/cc-pVXZ
(X=D, T) complete basis set limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 2
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-840.5166325

Maximum

3

-840.2531812

Range

1

0.2634513

Average

2.5

-840.38490685

Std. Deviation 0.5

0.13172565

Distributing the calculation over 4 cores...
Final Result [Custom/DFT(4-OH-MLT)CBS3)2-parametres_]:
Equation: -840.6093448+ 13.9126410/(x + 1/2)**4
Standard Error: 0.000000000000000E+00
Correlation Coefficient: 0.000000000000000E+00

Figure 37: Graph of the optimized energy of 4-OH melatonin fit to DFT/B3LYP/cc-pVXZ
(X=D, T) CBS limit
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Dataset name: Data
Dataset source: Unknown
Number of Points: 2
Number of Columns: 2
Statistic

X

Y

------------------Minimum

2

-840.5260943

Maximum

3

-840.2625114

Range

1

0.2635829

Average

2.5

-840.39430285

Std. Deviation 0.5

0.13179145

Final Result [Custom/DFT(6-OH-MLT) CBS3)2-parametres_]:
Equation: -840.6188529+ 13.9195907/(x + 1/2)**4
Standard Error: 0.000000000000000E+00
Correlation Coefficient: 0.000000000000000E+00

Figure 38: Graph of the optimized energy of 6-OH melatonin fit to DFT/B3LYP/cc-pVXZ
(X=D, T) CBS limit
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